
Structure-Aware Estimation for Random ReLU MLPs

Natasha Stewart Yangxinyu Xie

Team SOX

ARC WhiteBox Estimation Challenge 2026, Phase 1
Submission ID: 319341

Abstract

The ARC WhiteBox Estimation Challenge asks for estimates of post-ReLU mean activations in
random MLPs under standard Gaussian inputs, with a score that rewards both low final-layer error
and low effective compute. We contribute a structure-aware hybrid estimator and a study of how
far its premises extend. The estimator is built on data-driven observations about the structure of the
ReLU network. Measuring how these networks behave shows that neurons separate into three regimes:
almost certainly inactive, almost certainly active, and uncertain. We thus apply an analytical pass
to classify every neuron into one of these categories from the weights alone and spend Monte Carlo
samples only where they are informative. Due to the structure of a ReLU MLP, sparsity persists at
the second level, even after the almost certainly inactive neurons have been removed, so the sampled
matrix products can skip the structurally zero regions exactly. Compute reductions follow from these
observations rather than from a separate optimization pass, and we hope the result serves as a strong
sampling baseline for subsequent white-box estimators. Because these premises arise from the ReLU
nonlinearity rather than from the estimator itself, we next ask how well they generalize. Varying the
activation function and the architecture independently on matched random weights, we study two
complementary properties: the effective rank of the final-layer representation and the transferability of
the three-region classification. Both depend strongly on architectural choices, but they are distinct
properties and need not vary together.
Note on AI usage. This work was developed with heavy use of large language models (Claude,
ChatGPT). The investigation began with human-led exploration—visualizing the networks’ behavior
and posing questions about the patterns that emerged—and the resulting ideas were implemented
in code by LLMs under our direction. An initial draft of this write-up was likewise produced using
LLMs and then substantially revised by the authors.
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1 Introduction

Figure 1: Monte Carlo diagnostic from the layer-collapse notebook, computed on a matched random
MLP—width 256, depth 32, He-initialized ReLU weights (weight seed 0), the same architecture and
initialization scale as the challenge networks, but not a challenge network itself. Neurons are classified by
their preactivation range over 20k samples: always-off neurons never fire, always-on neurons pass linearly
through ReLU, and near-kink neurons still require sampled nonlinear propagation. The upper panels show
the layerwise regime counts; the lower panels show representative single-neuron preactivation marginals
from layer 31, making the dead, kink, and on regimes visible at the distribution level.

The WHEST challenge aims to estimate the mean post-ReLU activation of every neuron using only
the network weights and a fixed compute budget [2, 15]. With a large number of samples, direct Monte
Carlo sampling can be highly accurate; however, it does not provide much insight into the structure of
the network, and it is inefficient since it treats every neuron and every sampled path in the same way. A
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white-box estimator, by contrast, can use the weights to decide which parts of the network are structurally
predictable.

In a ReLU network, the most useful structural distinction is how likely a neuron’s pre-activation is to
fall on either side of the ReLU threshold at zero. Neurons that are negative for nearly all inputs (“dead”)
contribute little, neurons that are positive for nearly all inputs (“on”) behave nearly linearly, and neurons
whose pre-activations frequently fall on both sides of the threshold (“kink”) are, in our submission, where
Monte Carlo sampling is most informative. We show Figure 1 as an example, computed on a matched
random MLP drawn with the challenge networks’ width, depth, and He initialization scale: in the first
layer, all 256 neurons are in the kink regime; by the 16th layer, 29 neurons are dead and 29 are always-on;
by the 32nd layer, 73 neurons are dead (28% of the layer), 77 are always-on, and 106 remain in the kink
regime. The always-on neurons are also strongly correlated with one another: as depth grows, most of the
covariance mass concentrates into a small, tightly coupled core of neurons, so the late layers are far more
structurally predictable than their width suggests.

The growing population of dead neurons is consistent with the well-known dying-ReLU phenomenon,
where inactive ReLU neurons output zero across inputs and produce a vanishing-gradient failure mode
[7, 17]. Lu et al. also prove a stronger depth-asymptotic statement: under their initialization model, dying
ReLUs are inevitable once the network is deep enough, with deep ReLU networks dying in probability as
depth tends to infinity.

These observations motivate a hybrid estimator that combines analytical methods with strategic
sampling. Its core is not to replace sampling everywhere, but to use a mechanistic approximation to decide
where sampling should be trusted, where it should be avoided, and how sampled activations should be
propagated. The estimator first propagates a diagonal Gaussian approximation through the network, using
the results to classify neurons as dead, kink, or on. It then refines uncertain classifications with a small set
of samples. Finally, it turns the resulting ReLU behavior into implementation decisions: dead neurons are
omitted from the sampled propagation, and their reported means are supplied by the analytical pass. The
remaining non-dead neurons are evaluated using Monte Carlo samples, with the sampled matrix products
reorganized so that zero blocks of the activation matrix (rarely-firing columns, crossed with the rows
that never fire on them) are skipped exactly. In the final two layers, the estimator applies an additional
optimization: on neurons are treated as linear, allowing their contributions to be propagated analytically
through the weights of the final two layers. This implementation thus captures the idea of “competing
with sampling” [2]: the code is faster because it follows the network’s structure rather than treating every
sampled coordinate uniformly as a black box.

1.1 How Far Do These Premises Transfer?

A structure-aware estimator buys its speed by assuming something about the network, so it is worth
asking early how much of the method is tied to the particular architecture it was tuned on. The challenge
networks are plain, bias-free ReLU stacks, but the premises the estimator rests on are properties of
the ReLU activation. In Section 5 we therefore stress-test them directly, varying the nonlinearity and
other architectural choices independently on matched random weights and re-running the same structural
diagnostics. We study the effective rank of the final-layer representation and transferability of the kink
classification and show that both axes are highly sensitive to architectural choices.

1.2 Contributions

This work makes two contributions.
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1. A sampling method that follows the structure of a ReLU network. Section 3 presents the estimator
as a sequence of data-driven decisions: we measure how these networks actually behave, and each
measurement then determines a design choice. Visualizing pre-activation distributions on example
MLPs shows that neurons separate into dead, kink, and on regimes, which motivates classifying every
neuron from the weights before any sampling: dropping the dead, sampling the kinks, and directly
calculating the expectation of on neurons through the last two layers analytically. Sorting the surviving
columns by firing rate then shows that sparsity persists at a second level. Even after the dead neurons
are removed, the rarely-firing “cold” columns are mostly zero, and a typical sample row fires on
only two or three of them. We leverage this observation by splitting the sampled matrix product
into a dense block and a packed cold prefix, with the prefix width and the row buckets read off the
measured firing rates rather than fixed in advance. Compute reductions are thus consequences of these
structural observations rather than a separate optimization pass, and we hope the result serves as a
strong sampling baseline for subsequent white-box estimators built on the same mechanistic structure.

2. A deep dive into how that structure changes with the architecture. Two ablations, over the
nonlinearity and over six architectural changes on shared weights, identify sign-preservation at the
ReLU kink as the criterion that determines whether the structure survives, and separate it from low-rank
collapse of the representation.

In essence, much of the final-layer mean can be explained by a small set of structural decisions: which
neurons are almost certainly dead, which are almost certainly active and thus effectively linear, and which
regions of the sampled activation matrix can be handled with sparse operations.

2 Problem Setup and Notation

We consider a fully connected feed-forward neural network (a multilayer perceptron, MLP) with ReLU
activations and no bias terms. The network has depth L and width d. The input does not count toward
the depth. Each of the L layers contains d neurons, and the transformation from layer ℓ− 1 to layer ℓ is
parameterized by a weight matrix Wℓ ∈ Rd×d. Throughout we use row-vector notation: activations are
row vectors and multiply the weight matrices from the left, matching the layout of the implementation.
The input x0 ∼ N(0, Id) is a random row vector with d independent standard Gaussian coordinates. The
layers compute

zℓ = xℓ−1Wℓ ∈ Rd, (1)

xℓ = ReLU(zℓ) ∈ Rd, ℓ = 1, . . . , L, (2)

where ReLU(z) = max(z, 0) is applied elementwise. We call zℓ the pre-activation and xℓ the post-ReLU
activation of layer ℓ. Entry Wℓ,ij is the weight from neuron i of layer ℓ− 1 to neuron j of layer ℓ. Thus

zℓ,j =
∑
i

xℓ−1,iWℓ,ij . (3)

Given only the weights W1, . . . ,WL, the estimator must output the matrix of mean activations

M =

m1
...

mL

 ∈ RL×d, mℓ = E[xℓ] ∈ Rd, ℓ = 1, . . . , L, (4)
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where the expectation is taken over the random input x0.
The challenge networks have depth L = 32 and width d = 256. Accuracy is scored only on the

last-layer means. Writing m̂L for the predicted final-layer mean, the score is the mean squared error

MSE(m̂L,mL) =
1

d

d∑
j=1

(m̂L,j −mL,j)
2 , (5)

multiplied by the compute penalty max(0.1, C/B); lower is better. Here C is the compute the estimator
consumed, measured in floating-point operations (FLOPs), and B is the per-network FLOP budget. The
earlier rows are reported but serve only as diagnostics. In effect, the estimation problem is to approximate
mL as accurately as possible within the compute budget.

3 Method: A Structure-Aware Hybrid Estimator

3.1 Classifying Every Neuron as Dead, Kink, or On Before Any Sampling

Before choosing an algorithm, we selected a few example MLPs and drew a large number of Monte Carlo
samples to visualize the pre-activation distribution for each neuron under Gaussian inputs. We noticed that,
particularly for the middle and later layers of the MLP, there were many pre-activation distributions with
almost all probability mass below zero, some with substantial probability mass near zero, and others with
almost all probability mass above zero. These are the empirical dead, kink, and on regimes in Figure 1.

By using the weights of the MLP to predict each neuron’s regime prior to any sampling, we can create
a white-box estimator that leverages the classical observation that rectifiers produce sparse active sets
[11, 18]. Suppose the previous post-ReLU activations have approximate mean µℓ−1 and diagonal variance
vℓ−1. For each output neuron j (column j of Wℓ), the preactivation moments are approximated by

µpre
ℓ,j =

∑
i

µℓ−1,iWℓ,ij , (6)

(σpre
ℓ,j )

2 =
∑
i

vℓ−1,iW
2
ℓ,ij . (7)

Writing αℓ,j = µpre
ℓ,j /σ

pre
ℓ,j and denoting the standard normal density and CDF by ϕ and Φ, the Gaussian

ReLU moment update is

µℓ,j = µpre
ℓ,j Φ(αℓ,j) + σpre

ℓ,j ϕ(αℓ,j), (8)

vℓ,j =
(
(σpre

ℓ,j )
2 + (µpre

ℓ,j )
2
)
Φ(αℓ,j) + µpre

ℓ,j σ
pre
ℓ,j ϕ(αℓ,j)− µ2

ℓ,j . (9)

These are the same closed-form ReLU Gaussian moments used in assumed-density filtering for
Bayesian neural networks [10, 14]. The Gaussian assumption here is only an approximation, not an
accurate representation of ReLU activations, especially in the later layers. Under Gaussian weight
priors, unit-level pre- and post-activation marginals become increasingly heavy-tailed with depth and are
characterized by sub-Weibull tails [25].

In this estimator, we use the normalized margin αℓ,j to classify a neuron as dead if α < −3, on if
α > 3, and kink otherwise.
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3.1.1 What the Classification Buys: Skip the Dead, Sample the Kinks, Fold the On

The regime model determines which sampled coordinates are materialized. Dead neurons do not need a
sampled matmul column: their post-ReLU mean is either filled by the analytic pass or set to zero when
the residual contribution is negligible. Kink neurons remain sampled, because their ReLU masks change
across samples. On neurons receive a linear treatment only in the last two layers, 31 and 32; in layers
1–30 they remain part of the sampled propagation alongside the kink neurons. If neuron i is on at layer 31,
then sample by sample

x31,i = z31,i = (x30W31)i. (10)

Its contribution to a layer-32 preactivation can therefore be composed through W31 and W32 without
materializing the sampled layer-31 column, and the means of the on neurons at layer 32 are likewise
computed linearly from the layer-31 mean activations. Kink neurons at layer 31 do not satisfy this identity,
so their contribution remains sampled.

One disadvantage of using a classifier is that the boundary between regimes is not always clear.
To overcome this shortcoming, a small set of samples is used to reclassify neurons near the decision
boundary, which we call the “pilot pass,” and will come back to in the next subsection. This verification is
particularly important in the last two layers, where classification errors directly affect the scored layer.

3.2 Matrix Multiplication for Sampled Activations

The classification of neurons as dead, kink, or on improves efficiency primarily by removing the com-
putation for dead neurons, but the sampled activations of the surviving neurons still contain many zeros.
To see where they are, we sort the columns of the sampled post-ReLU activation matrix by firing rate,
the fraction of Monte Carlo samples on which each neuron is active. Figure 2 shows the results across
three networks and three depths. On the left side of the matrix, the usually inactive (“cold”) columns
are mostly zero, with only scattered firings, while usually active (“hot”) columns to the right are dense.
After the coldest-first sort, a typical row carries only two or three nonzeros across the leading columns
(the “prefix”). The estimator therefore splits the multiplication into two regions. The dense portion is
evaluated with Strassen matrix multiplication [24], while the prefix of cold columns is processed row by
row, gathering only the few active entries in each row.

3.2.1 Evaluating the Cold-Region Contribution

To choose the prefix width, columns are sorted coldest-first, and the cutoff is chosen where the running
sum of the fire rates (the expected number of nonzeros a row carries over the first s columns) reaches a
target of 3 nonzeros per row. Finally, the width of the cold-column prefix is clamped so the remaining hot
block keeps at least 96 columns. Next, rows are grouped into buckets by their nonzero count over the
prefix, using the ladder (0, 1, 2, 4, 8). The first bucket holds rows with no nonzero columns in the prefix,
and the next bucket holds rows with exactly one nonzero. This pattern continues, with one bucket for each
level of the ladder. There is a final remainder bucket to collect the rare rows with more than 8 active prefix
entries.

After the dense block is evaluated for all rows using Strassen matrix multiplication, the prefix
contribution is added separately for each bucket. The first bucket has no contribution and can be ignored.
For the four buckets of rows with 1–8 active prefix entries, a gathered correction accounts for the nonzero
elements. Finally, the last bucket computes the prefix block densely for its rows. See Figure 2 for an
illustration.
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Figure 2: The zero structure the packed prefix exploits, captured from the submitted estimator’s own
continuation blocks (74,752 sample rows × active columns). Rows of the grid are three public mini
networks of increasing difficulty (nets 10, 70, 0); grid columns are layers 6, 16, and 28. Within each panel,
matrix columns are sorted coldest-first, the dashed vertical line marks the prefix width s, and sample rows
are shown in the estimator’s actual bucket order: rows with no nonzero on the prefix first, then buckets
of at most 1, 2, 4, and 8 nonzeros, then the dense tail. The outlined top-left rectangle—the zero bucket
crossed with the prefix—is all zero, and the propagating matmul skips it outright; each bucket below it
gathers at most its cap in columns instead of multiplying the whole prefix.
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Figure 3: Final-layer error by neuron class (50 public mini networks). Always-on neurons carry 74.4% of
the total squared error, kink neurons 24.8%, dead neurons 0.8%.

3.2.2 Sparse Matrix Multiplication for the Pilot Pass

To improve efficiency, we apply the same general techniques for matrix multiplication to the pilot pass
as well. However, the pilot stage cannot use the empirical firing rates to set the prefix cutoff because
they have not yet been determined. Instead, it determines the cutoff from Φ(αj), each column’s firing
probability under the diagonal Gaussian approximation. The same running-sum rule is then applied to the
α-sorted columns. Two details differ from the continuation block described above. The pilot’s row order
must be preserved—the probe rows are a fixed Sobol prefix and the antithetic pairing is positional—so
after the bucketed multiply an inverse-permutation scatter puts the rows back. And when the analytic
prefix comes out narrower than 8 columns, the pilot falls back to a single-level carve, treating a column as
cold if its margin satisfies α < −1.88 (Φ(−1.88) ≈ 0.03) and splitting rows only by support/no-support.

3.3 Sampling: Antithetic Scrambled Sobol Points at a Fixed Budget

For sampled propagation, the estimator uses a fixed Sobol prefix and antithetic pairing. The Sobol
sequence is a standard low-discrepancy variance-reduction ingredient [23]. The antithetic pair uses
the Gaussian symmetry z 7→ −z to encourage cancellation of the “odd” part of the integration [20,
Section 8.2]. Related randomized-QMC approaches were also discussed by other challenge participants,
including randomized lattice/Sobol comparisons and Rao-Blackwellization for post-ReLU activation
means [9], and variance-bias budgeting for deep white-box mean estimation [1].

Only half of the Gaussianized points are stored; the first-layer symmetry reconstructs the paired
activations exactly after the first matmul. The submitted estimator uses a fixed 84,992 effective samples
for every MLP. The pilot stages read the leading 2.5% and 20% of the same Sobol prefix that the main
pass consumes, so every probe sample is reused and classification costs no extra draws.

4 Results, Limitations, and Future Work

4.1 The Scored Error Concentrates in a Few Large Always-On Neurons

All measurements in this section use the submitted estimator (submission 319341, N = 84,992 Sobol
samples) on 50 of the 100 public mini networks (even ids 0–98). For distribution-level measurements
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Figure 4: Cumulative final-layer squared error by output-magnitude rank (same 50 networks): the top
10% of neurons carry 38% of the squared error, the top 20% carry 61%.

we take four of these networks (ids 0, 32, 66, 98) and draw 16,384 antithetic samples each.1 Since only
final-layer error is scored, we restrict attention to the final layer, where the median MSE is 2.3× 10−7

(mean 2.9× 10−7).
When we analyze the final-layer squared error by neuron class (Figure 3), always-on neurons turn out

to carry most of it—74.4% of the total, against 24.8% for kink neurons and just 0.8% for dead ones. This
is not because on neurons are more numerous but because they are bigger: their outputs average ≈ 1.5
in magnitude versus ≈ 0.17 for kink neurons, so even modest relative errors on the on block dominate
everything else. The concentration continues within the on block itself (Figure 4), where the top 10% of
neurons by output magnitude account for 38% of the squared error and the top 20% for 61%.

4.2 The On-Neuron Error Is Sampling Variance, Not Bias

Is the on-block error bias or just noise? Pooled over the 50 networks, the mean signed error is −2.0×10−5—
roughly forty times smaller than the error spread of 8.6× 10−4, so its squared contribution is under 0.1%
of the MSE—and it has no meaningful direction. There is a slight lean toward under-estimation (51.4% of
on neurons land below the truth, as do 28 of the 50 networks), but this is a median effect rather than a bias:
frequent small undershoots are balanced by rarer, larger overshoots, so more than half of realizations land
low. Because all 256 outputs share the same sample points, each network additionally picks up a common
shift, which is why whole networks (not just neurons) lean one way. Further analysis also indicates that
the size of the error matches what sampling variance predicts.

4.3 Limitations and Future Work: Heavy Tails and Jointly-Crossing Kinks

Prior work shows that on-neuron activations become increasingly heavy-tailed with depth [19, 30],
following sub-Weibull distributions [25]. We see this directly, if modestly at this width: both skewness
and excess kurtosis grow with depth (Figure 5). These heavy tails expose a limitation of the diagonal

1All statistics are produced by estimator_error_attribution_319341.ipynb in the repository; the figures are
rendered by writeup/figures.ipynb from the same cached predictions.
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Figure 5: Excess kurtosis (left) and skewness (right) of on-neuron post-ReLU activations versus depth
(four probe networks; thin lines are individual networks, bold their mean). Both grow with depth,
consistent with sub-Weibull tails.

Figure 6: Mean absolute pairwise correlation of kink-neuron pre-activations versus depth (same four
probe networks), growing from ≈ 0.13 in early layers to ≈ 0.21 in late layers.

Gaussian propagation pass. In deeper layers, it overestimates on-neuron means (+1.5% in late layers,
+1.8% at the final layer), while its Gaussian tail underestimates the clipping probability by roughly a
factor of two. The submitted estimator largely eliminates this error: kink neurons are sampled, on neurons
are eventually treated linearly, and the analytical pass survives only in classification and the dead-neuron
correction. How to propagate heavy-tailed distributions well remains an open question.

For kink neurons, a natural next step is to parametrize their joint distribution more carefully, for
instance with multivariate probit models [4, 5]. There is a clear signal to exploit here: kink pre-activations
are substantially cross-correlated, and the coupling grows with depth (Figure 6). Near-threshold neurons
tend to cross the kink together—a joint event that independent-marginal propagation cannot represent.

5 Discussion

The estimator is not a pure cumulant-propagation or covariance-propagation method [26, 27]. Instead, it
combines analytical approximations with antithetic Sobol sampling. Its primary mechanistic contribution
is using structural information about the MLP to sample more strategically: the diagonal Gaussian pass
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Figure 7: The three activation functions used in the ablation study.

first predicts which neurons are dead, kink, and on; the pilot samples refine uncertain classifications; and
the resulting activation structure determines both which neurons are sampled and how the sampled matrix
products are evaluated. We hope our methods can serve as a sampling baseline for more sophisticated
white-box estimators that exploit the same mechanistic structure.

A useful stress test is to ask what the estimator’s premises depend on. We run two ablation studies,
varying the nonlinearity and the architecture independently, to see whether the estimator’s assumptions
survive. Each ablation is run on a matched random MLP with width 256, depth 32, and He-initialized
Gaussian weights.

Both ablations report the effective rank of the activation covariance, which we define here. Let
Σℓ ∈ Rn×n be the empirical covariance of the layer-ℓ activations over the sampled inputs, with eigenvalues
λ1 ≥ · · · ≥ λn ≥ 0. We use the participation-ratio form

erank(Σℓ) =
(
∑n

i=1 λi)
2∑n

i=1 λ
2
i

=
(trΣℓ)

2

∥Σℓ∥2F
, (11)

which is scale-free, equals k when k eigenvalues are equal and the rest vanish, and drops toward 1 as the
spectrum concentrates on a single direction. It is a smooth stand-in for rank(Σℓ) that does not require a
cutoff on near-zero eigenvalues — which matters here, because the SiLU stack decays to an activation
scale of 4.6× 10−5 and any absolute threshold would report its rank as a property of the threshold. Note
that this is the participation ratio rather than the entropy-based effective rank of Roy and Vetterli [22].

5.1 Activation Functions

The first ablation varies the nonlinearity. Figures 8 and 9 repeat the diagnostic with ReLU, GELU [13],
and SiLU [8]. The latter two activations are smooth, see figure 7, and therefore do not produce the hard
dead and always-on populations that the estimator exploits.

Thus, although ReLU creates clean always-off and always-on regions, GELU and SiLU produce
neither. Instead, under the initialization studied here, their activations gradually shrink with depth, so that
by layer 32, the typical activation magnitude is close to zero even though neurons remain responsive to
their inputs. This distinction is important when designing diagnostics. A method that declares neurons
“dead” whenever their activation falls below a fixed absolute threshold could incorrectly label an entire
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Figure 8: The activation magnitude |a| on a shared log scale for three networks with different activation
functions.

deep SiLU layer as dead simply because the overall activation scale has decayed, which is a property of
the threshold and not of the network; see figure 8.

Similar to ReLU networks, the correlation matrices of the activations in GELU and SiLU networks
collapse onto a very correlated core, but the ReLU network is the only one that does so with the exact
dead/on identities that the estimator exploits. The smooth activations do not produce the same hard
regimes, and therefore the estimator’s assumptions do not hold for them. We think a mechanistic method
exploiting the low rank of the activations could be an interesting direction, but we haven’t found a method
that achieves higher accuracy than sampling.

5.2 Architectural Tweaks

The second ablation varies the architecture. Figures 10 and 11, summarized in table 2, compare six
wirings on the same weight tensors and ReLU activation function: plain ReLU(xW ), a residual block
x+ReLU(xW ), batch, layer, and root mean square (RMS) normalization applied to the pre-activation,
and a pre-norm residual block x+ReLU(LN(x)W ). BatchNorm is used in its inference-time form, a
fixed per-neuron affine calibrated from population statistics. Table 1 writes out all six.

As shown in figure 10, the estimator’s assumptions survive some of these architectural tweaks but
not others. Residual reinforces the classification, because the skip connection preserves the sign of
the pre-activation and therefore the dead and always-on populations. RMS preserves the classification,
because it rescales the pre-activation by a positive scalar and therefore cannot move a neuron from one side
of the kink to the other. LayerNorm preserves the classification in expectation, but shifts the pre-activation
by a per-input amount that can move a neuron from one side of the kink to the other. On the other hand,
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Figure 9: Activation covariance comparison for the matched activation functions. Columns are ordered by
each neuron’s mean absolute correlation with the rest of its layer, so weakly coupled neurons collect at
the top left and the correlated core at the bottom right; the white-to-red scale and its colorbar are shared
across all panels. All three collapse onto a late correlated core, but only ReLU does so with the exact
dead/on identities the submitted estimator exploits.

BatchNorm and pre-norm residual destroy the classification, thus collapsing the estimator’s assumptions.
In our error analysis in section 4, we saw that the estimator’s error is dominated by the on neurons,

with RMSNorm, we expect the exact magnitude of the errors to shrink according to the rescaling. For
residual connections, we expect the classification step in the estimator to be more accurate, and therefore
the error to shrink as well. For layer normalization, it might take a more sophisticated estimator to identify
the per-input shift and correct for it. For BatchNorm and pre-norm residual, the estimator’s assumptions
are violated, and the estimator reduces to plain sampling. These intuitions are confirmed in table 2
and figure 12, which show that the estimator’s classification survive residual and RMSNorm, are partially
violated by LayerNorm, and are completely destroyed by BatchNorm and pre-norm residual.

These different architectures also produce varying effective ranks of the activation covariance, which
is a more quantitative measure of the collapse of the representation, as shown in different views in
table 2 and figures 11 and 12. As seen in figure 11, the residual collapses the most to a near rank-one
representation, which might be attributed to the sub-optimality in He-initialization for residual blocks
[29]. BatchNorm and LayerNorm are in between, with BatchNorm collapsing more than LayerNorm.
RMSNorm is an exception: it raises effective rank without changing a single regime label, since it rescales
magnitudes but cannot move signs. Pre-norm residual block maintains a near-full-rank representation,
which is consistent with its popularity in modern architectures [21, 28].

Across layers, as shown in figure 12, we see the effective rank decreases the fastest for the residual
stack, followed by the plain ReLU network. Interestingly, RMSNorm’s effective rank decreases at the same
rate as layer normalization, instead of trailing the plain ReLU network. Although batch normalization
initially show a slower decay, it eventually matches the RMSNorm and layer normalization. Daneshmand
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Table 1: The six wirings, written out. For one input, x ∈ Rd is the layer input (a row vector, as in
the rest of the paper), W its weight matrix, z = xW ∈ Rd the pre-activation, d = 256 the width, and
ε = 10−5. No normalizer carries a learned affine (γ = 1, β = 0), so each row differs from plain only
by its normalizer. µi and σi are the mean and standard deviation of neuron i’s pre-activation over the
input population, estimated once and then held fixed, which is what makes inference-time BatchNorm
a per-neuron affine; z̄ = 1

d

∑
j zj and sz are the mean and standard deviation of the d coordinates of z

within a single input. The last column is what the estimator actually depends on: whether the normalizer
can change which side of the kink a pre-activation falls on.

Variant Layer update Normalizer N(z) Effect on sign(z)

plain x 7→ ReLU(xW ) — —

residual [12] x 7→ x+ReLU(xW ) — —

BatchNorm [16] x 7→ ReLU(N(xW ))
zi − µi

σi + ε
per-neuron shift

LayerNorm [3] x 7→ ReLU(N(xW ))
z − z̄1

sz + ε
per-input shift

RMSNorm [31] x 7→ ReLU(N(xW ))
z√

1
d

∑
j z

2
j + ε

none (positive scale)

pre-norm residual x 7→ x+ReLU(LN(x)W ) LN, applied to the branch input per-input shift, upstream

Table 2: Architecture ablation on matched He-Gaussian weights (width 256, depth 32). Regime counts
and effective rank are all measured at the scored final layer; the cold-prefix column is the mean over depth
of the prefix width as a fraction of the layer width. BatchNorm and the pre-norm residual block leave
nothing to classify.

Final-layer regimes

Architecture dead kink on Eff. rank Cold prefix

plain ReLU(xW ) 73 106 77 2.2 35.3%
residual 117 5 134 1.0 42.4%
BatchNorm 0 256 0 9.4 2.1%
LayerNorm 60 130 66 11.4 34.6%
RMSNorm 73 106 77 10.9 35.3%
pre-norm residual 0 256 0 94.8 2.0%

et al. [6] prove that batch normalization provably avoids rank collapse in randomly initialized deep
networks, so we don’t expect the effective rank to continue to decay in deeper networks.

The pre-norm residual block maintains a near-full-rank representation across all layers, which is
consistent with the visualizations in figure 11, and might be the most difficult to develop a mechanistic
estimator that attempts to exploit the low-rank structure of the representation.
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Figure 10: The same two threshold-free views for the six architectures, directly comparable to figure 8.
Grey in the right panel marks neurons that must be sampled; red and green mark the dead and always-on
populations the estimator prunes and folds. BatchNorm and the pre-norm residual block are flat in both
panels — uniform scale and uniform grey at every depth — which is the visual form of an architecture
that leaves nothing to classify. The unnormalized residual stack saturates the magnitude ramp, its median
activation reaching 8.0× 106 by depth 32.
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Figure 11: Activation correlation matrices for the six architectures, the same view as figure 9, columns
ordered by mean absolute correlation with the rest of the layer and annotated with effective rank. The
residual stack concentrates into a single saturated correlated core by L16; BatchNorm develops a weaker
late core; the pre-norm residual block stays near-diagonal to depth 32, which is the visual form of a
representation that never collapses.
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Figure 12: Effective rank of the activation covariance versus depth for both ablations on shared axes.
Changing the nonlinearity moves the scored-layer rank only between 1.4 and 4.1; changing the architecture
moves it from 1.0 to 94.8. The plain and residual stacks collapse toward rank one, which is what creates
the hard regimes; normalization slows the collapse and the pre-norm residual block halts it. RMSNorm is
the exception to the correspondence: it raises effective rank without changing a single regime label, since
it rescales magnitudes but cannot move signs.
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